We propose a nonlinear integral equation (NLIE) with only one unknown function, which gives the free energy of the integrable one dimensional Heisenberg model with arbitrary spin. In deriving the NLIE, the quantum Jacobi-Trudi and Giambelli formula (BazhanovReshetikhin formula), which gives the solution of the T -system, plays an important role. In addition, we also calculate the high temperature expansion of the specific heat and the magnetic susceptibility. 
Introduction
Thermodynamic Bethe ansatz (TBA) equations have been used to analyze thermodynamics of various kind of solvable lattice models [1] . However it is not always easy to treat TBA equations since in general they contain an infinite number of unknown functions. So there are several attempts to simplify the TBA equations. In particular for the 1D spin 1 2 Heisenberg model, Klümper proposed nonlinear integral equations (NLIE) [2] which contain a finite number of unknown functions from the point of view of the quantum transfer matrix (QTM) approach [3, 4, 5, 6, 7, 2] . There is also a similar NLIE by Destri and de Vega [8] .
Another type of NLIE for the spin 1 2 XXZ model, which contains only one unknown function, was discovered by Takahashi [9] to simplify the TBA equation. Later, this NLIE was rederived [10] from the T -system [11, 12] of the QTM. Moreover this NLIE for the spin 1 2 XXX model was also rederived from a fugacity expansion formula [13] . We derived this type of NLIE for the osp(1|2s) model [14] and the sl(r + 1) Uimin-Sutherland model [15] for arbitrary rank. The number of the unknown functions of these NLIE coincides with the rank of the underlying algebras. All of them are NLIE for fundamental representations of underling algebras. So it is desirable to derive NLIE for tensor representations, i.e. NLIE for higher spin models. The purpose of this paper is to derive NLIE for the Heisenberg spin chain with arbitrary spin s 2 [16] . Thermodynamics of the higher spin Heisenberg model was firstly investigated [16] by the TBA equations, which contain an infinite number of unknown functions. Later a set of NLIE with s + 1 unknown functions for this model was derived [17] by the QTM approach. This NLIE is an extension of the Klümper's type of NLIE [2] . On the other hand, our new NLIE contains only one unknown function for arbitrary s. Thus, as far as the number of the unknown functions, our new NLIE is a further simplification of the TBA equations.
In section 2, we introduce the higher spin Heisenberg model and define the T -system of the QTM. As a solution of the T -system, we introduce the quantum Jacobi-Trudi and Giambelli formula (Bazhanov-Reshetikhin formula [18] ) (2.18), which plays an essential role in the derivation of the NLIE. This formula expresses an eigenvalue formula of the transfer matrix for the tensor representation in the auxiliary space in a determinant form. In the representation theoretical context, it may be viewed as a Yangian analogue of classical Jacobi-Trudi and Giambelli formula on Schur functions [19, 18] . In section 3, we derive the NLIE (3.9), which is our main result. The T -system which we have to use here is not the standard one [12] (2.15) but an old one [11] (2.20), (2.21) . Due to the quantum Jacobi-Trudi and Giambelli formula, determinants appear in our new NLIE. These novel situations contrast with the fundamental representation cases [9, 10, 14, 15] . Using our new NLIE (3.9), we also calculate the high temperature expansion of the specific heat and the magnetic susceptibility in section 4. It will be difficult to obtain the same result by the traditional TBA equations. Section 5 is devoted to concluding remarks.
2 QTM method, T -system, quantum JacobiTrudi and Giambelli formula
We introduce the higher spin Heisenberg model, and define the QTM, the Tsystem and the quantum Jacobi-Trudi and Giambelli formula for this model. A more detailed explanation of the QTM analysis for this model can be found in [17] . The Hamiltonian of the spin
Heisenberg model is given as follows [16] .
where
operator acting on the j-th site, and
. J is a real coupling constant (J > 0 (resp. J < 0) corresponds to the anti-ferromagnetic (resp. ferromagnetic) regime) and L is the number of the lattice sites. We assume the periodic boundary condition 
respectively. The R-matrix [20, 21] of the classical counter part of the spin
Heisenberg model is defined as
where P j is the projector onto j + 1 dimensional irreducible sl(2) module. P j can be expressed as operator, and
In our normalization of the R-matrix, R(∞) is an identity operator. The row to row transfer matrix is defined as 6) where R 0j (v) is the R-matrix (2.4) acting on the auxiliary space and the j-th site of the quantum space. This transfer matrix is connected to the hamiltonian (2.1) as
One can add an external field term H ex = −2h j S z j in the hamiltonian (2.1) without breaking the integrability as H = H 0 + H ex . The QTM is defined as
where 
We can embed T s (v) into the eigenvalue formulae { T m (v)} m∈Z ≥0 for the fusion hierarchy of the QTM, i.e. a Yang-Baxterization of the character of the m-th symmetric tensor representation of sl (2):
Here we adopt a convention
where g = 2: the dual Coxeter number. Note that T m (v) (2.11) is free of poles under the Bethe ansatz equation (2.14). One can show that the function T m (v) (2.10) satisfies the following T -system [12] .
The solution of the T -system (2.15) is given by the following quantum JacobiTrudi and Giambelli formula (Bazhanov-Reshetikhin formula [18] ). 18) where the matrix elements are given as follows
The following functional relations [11] are equivalent to the T -system (2.15). is a finite number. This is a solution of the Q-system [22, 23] (
where Q
m = e m(µ 1 +µ 2 ) T = 1 and Q 0 = 1. So we must put ].
Here the coefficients are given as follows.
where the contour C (resp. C) is a counterclockwise closed loop aroundβ 1 (resp. −β 1 ) that does not surround −β 1 (resp.β 1 ). Substituting (3.4) into (3.3), and using (2.20) and (2.21), we obtain
where the contour C (resp. C) is a counterclockwise closed loop around 0 that does not surround −2β 1 (resp. 2β 1 ). The first term and the second term in the first bracket {· · · } in (3. 
Here we omit the terms which contain y N 2 since these terms cancel the poles ofg 1 . We can take the Trotter limit N → ∞.
1 exp
In particular, (3.7) for m = s + 1 is the simplest.
where the contour C (resp. C) is a counterclockwise closed loop around 0 that does not surround −(1 + s)i (resp. (1 + s)i) and z s . (3.9) contains only one unknown function T 1 (v) since T s (v) and T s−1 (v) can be expressed by T 1 (v) through (2.18) in the Trotter limit. The free energy per site is given by f = −T log T s (0). For s = 1, (3.9) reduces to the Takahashi's NLIE for the XXX spin chain [9] . Although we only consider the largest eigenvalue of T s (v) in the limit N → ∞ , other eigenvalues also satisfy the NLIE (3.9) if above conditions for the integral contours are satisfied. In usual, such eigenvalues have zeros in the physical strip Imv ∈ [− ]. Thus to exclude the eigenvalues other than the largest one, one may take the integral contours on the line Imv = ± 
High temperature expansion
In this section, we shall calculate the high temperature expansion of the free energy from our new NLIE (3.9). The calculation is not easier than s = 1 case [24] due to the determinants in (3.9). However it is easier than to use the traditional TBA equation. For small J/T , we shall put ). For example, we have
1 . Taking note on the relations like (4.2), substitute (4.1) into (3.9), we obtain the coefficients {b m,n (v)}. For example, {b 1,n (v)} for s = 2, n = 1, 2, 3 are as follows.
We can calculate the specific heat C = −T We have plotted 2 the high temperature expansion of the specific heat and the magnetic susceptibility in Figure 3 - Figure 5 . According to the Figure  3 , the position of the peak of the specific heat seems not change drastically when s changes. In particular, s = 2, 3 cases agree with the result from another NLIE for large T (see Figure 6 in [17] ). This indicates the validity of our new NLIE.
Concluding remarks
In this paper, we have derived a NLIE with only one unknown function. This type of the NLIE for higher spin Heisenberg model with arbitrary spin is derived for the first time. In particular, a remarkable connection between the NLIE and the quantum Jacobi-Trudi and Giambelli formula is firstly found.
Now that the NLIE is given, the next important task is to search the solutions of it. The zero-th order of the high temperature expansion (4.1) 2 Here we have used the Pade approximation. The [L, M ] Pade approximation of a function g(t) of t is the ratio of a polynomial of degree L and M :
It provides approximately an analytically continued function of g(t) for outside of the radius of convergence of g(t) . Thus the Pade approximation is expected to provide better results for small T than original plain series. For more detail, see for example, [25] . [26, 26] ), (21, [10,10] ), (15, [7,7] ), (12, [6,6] [13, 13] ), (18, [8,8] ), (14, [7,7] ), (12, [6,6] ) respectively. Their first peak positions from the right and the peaks are (peak position, peak)=(1.282, 0.294), (1.454, 0.748), (1.555, 1.367), (1.624, 2.153) respectively. The case for s = 1 was calculated in ref. [24] . is a solution of the Q-system. Thus this task is to incorporate the spectral parameter into a solution of the Q-system, namely to find a solution of the T -system. The solution of the Q-system is a kind of a generalization of the hypergeometric function (cf. [26] ). Thus we expect that the final answer will be a further generalization of the hypergeometric function. If a hypergeometric series solution is found, one should consider an integral representation of it; then one may be able to treat the low temperature region where the plain series does not converge by an analytic continuation.
Finally, we note that we can also derive a NLIE similar to (3.9) for the row to row transfer matrix.
